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Lecture 2: Quantum computation with superconducting
qubits

The ‘Quantronium’ at CEA/SPEC
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Introduction

� Superconductivity: macroscopic quantum
phenomenon

� Present at low T

� Dilution fridges have given access to 10 mK
range –even simpler now with wet fridges

� Electron cohrence length similar to system
size: mesoscopic physics

� Quantum optics with SC 20 years ago

� Used in IBM and Google processors

credit: J. Bobroff
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Josephson effect

Josephson effect in the quantum regime

Fig. from You & Nori, Nature 474, 589-597 (2011)
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Josephson effect Electric harmonic oscillator

Quantum electric harmonic oscillator
Φ

L
C

+Q

−Q
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Josephson effect Electric harmonic oscillator

Quantum electric harmonic oscillator

Electric-mechanic analogy

electric mechanic

Φ x
Q p
C m

L−1 k

V = Φ̇ =
Q

C
v = ẋ =

p

m

I = Q̇ = −1

L
Φ F = ṗ = −kx

ω0 =
1√
LC

ω0 =

�
k

m

H = Q2

2C + Φ2

2L H = p2

2m + kx2

2

[Φ̂, Q̂] = i� [x̂ , p̂] = i�

Φ
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Josephson effect Electric harmonic oscillator

Quantum electric harmonic oscillator
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To get an isolated qubit:
need some nonlinearity!
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Josephson effect Josephson effect

SIS Josephson junction: classical description

Josephson junction ϕ = ϕ1 − ϕ2ϕ1 ϕ2

N1 + N pairs N2 − N pairs

Fig. P. Bertet

First Josephson relation:

I = Ic sinϕ

Second Josephson relation:

dϕ

dt
=

2e

�
V =

2π

Φ0
V
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Josephson effect Josephson effect

SIS Josephson junction: nonlinear inductance
Recall: I = Ic sinϕ dϕ

dt = 2e
� V = 2π

Φ0
V
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Josephson effect Josephson effect

SIS Josephson junction: quantum description
Charge/number states

N1 + N N2 − N

ϕ1 ϕ2
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Josephson effect Josephson effect

SIS Josephson junction: quantum description
Phase states

N1 + N N2 − N

ϕ1 ϕ2
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Josephson effect Josephson effect

SIS Josephson junction: quantum description
Tunnel coupling: Josephson Hamiltonian

N1 + N N2 − N

ϕ1 ϕ2
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Josephson effect Josephson effect

SIS Josephson junction: quantum description
First Josephson relation

N1 + N N2 − N

ϕ1 ϕ2
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Josephson effect Josephson effect

Quantum SIS Josephson junction
Applied voltage; capacitance

N1 + N N2 − NC

ϕ1 ϕ2
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Josephson effect Josephson effect

Quantum SIS Josephson junction

HJ = −EJ cos ϕ̂ = −EJ cos 2π Φ̂
Φ0

HC = EC N̂2 =
Q̂2

2C

Fig. A. Cottet

Using N̂ = −i∂ϕ, Schrödinger equation for ψ(ϕ) reads

Hψ = −EC
∂2ψ

∂ϕ2
− EJ cos(ϕ)ψ

Analogy with a particle in a periodic potential.
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Josephson effect Building qubits using the Josephson effect

Tuning the N spectrum: Cooper pair box

Fig. A. Cottet
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Josephson effect Building qubits using the Josephson effect

Cooper-pair box

Polarization: Ng = CgVg/2e
or Qg = CgVg

HC = EC (N̂ − Vg )2

Fig. A. Cottet

H =
(Q̂ − Qg )2

2C
− EJ cos 2π

Φ̂

Φ0
←→ H =

(p̂ − A)2

2m
− V0 cos 2π

x̂

a

Shifted spectrum controlled by Vg .
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Josephson effect Building qubits using the Josephson effect

Tuning EJ : Split Cooper-pair box

Fig. A. Cottet
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Josephson effect Building qubits using the Josephson effect

Split Cooper-pair box

Polarization: Ng = CgVg/2e
or Qg = CgVg

HC = EC (N̂ − Ng )2

Applied flux: δ = 2πΦext/Φ0

HJ = EJ cos δ
2 cos ϕ̂

= E �
J cos ϕ̂

Fig. A. Cottet

H =
(Q̂ − Qg )2

2C
− E �

J cos 2π
Φ̂

Φ0
←→ H =

(p̂ − A)2

2m
− V0 cos 2π

x̂

a

Tunable spectrum controlled by Vg and Φext.
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Josephson effect Building qubits using the Josephson effect

Spectrum of the split CPB: charge regime EJ � EC

H = EC (N̂ − Ng )2 − EJ cos ϕ̂

EJ/EC = 0
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slide: courtesy
of P. Bertet
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Josephson effect Building qubits using the Josephson effect

Spectrum of the split CPB: charge regime EJ � EC
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slide: courtesy
of P. Bertet
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Josephson effect Building qubits using the Josephson effect

Spectrum of the split CPB: charge regime EJ � EC
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Josephson effect Building qubits using the Josephson effect

From charge to phase regime EJ ∼ EC

0.0 0.2 0.4 0.6 0.8 1.0
�1.0
�0.5

0.0
0.5
1.0
1.5

2.0

E
ne

rg
y

Ng

EJ/Ec=0.5

0.0 0.2 0.4 0.6 0.8 1.0
�2

�1

0

1

2

3

Ng

EJ/Ec=2

0.0 0.2 0.4 0.6 0.8 1.0

�4

�2

0

2

E
ne

rg
y

Ng

EJ/Ec=5

0.0 0.2 0.4 0.6 0.8 1.0
�8

�6

�4

�2

0

2

Ng

EJ/Ec=10

slide: courtesy
of P. Bertet

Hélène Perrin Quantum computing February 3, 2021 23 / 47



Josephson effect Building qubits using the Josephson effect

Phase regime EJ � EC : the transmon qubit
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J. Koch et al., PRA (2008)
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slide: courtesy
of P. Bertet
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Josephson effect Building qubits using the Josephson effect

Phase regime EJ � EC : the transmon qubit
In the regime EJ/EC � 1, EJ dominates, ϕ remains small

Anharmonic oscillator:
Ĥ = EC N̂2 − EJ cos ϕ̂ � −EJ + EC N̂2 + EJ

2 ϕ̂2−EJ
24 ϕ̂

4
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Josephson effect Building qubits using the Josephson effect

Spectrum of the split CPB: phase regime EJ � EC
Experimental results

En+1 − En =
√

2EJEC − (n + 1)EC/4

Schreier et al., Phys. Rev. B 77,

180502(R) (2008)

ν12

ν02

2
ν01

EC

h
� 1.8 GHz

1

h

�
2ECEJ � 6.5 GHz ∼ 300 mK

⇒ dilution fridge!
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Josephson effect Building qubits using the Josephson effect

Typical hardware
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Single-qubit manipulation Single-qubit gates

Coupling a qubit to microwave field
Apply an oscillating gate voltage

H = EC (N̂−Ng (t))2−EJ cos ϕ̂

H = EC N̂2 − EJ cos ϕ̂

−2ECΔNg cosωtN̂ + offset

Ng(t)=∆Ngcosωt

Φ

TRANSMON QUBIT
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Single-qubit manipulation Single-qubit gates

Coupling a qubit to microwave field
Apply an oscillating gate voltage

H = EC (N̂−Ng (t))2−EJ cos ϕ̂

H = EC N̂2 − EJ cos ϕ̂

−2ECΔNg cosωtN̂ + offset

Ng(t)=∆Ngcosωt

Φ

TRANSMON QUBIT

H =
�ω0

2
σ̂z + �Ω cosωt σ̂y , Ω = −2ECΔNg ΔN

Advantage: Ω large, 2π/Ω ∼ 30 ns

Chose rotation axis with phase cos(ωt + ϕ0)
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Single-qubit manipulation Single-qubit gates

Single qubit gates: X -gate qubi  gat

Φ

TRANSMON QUBIT

φ0

Rotation : X

|0>

|1>

X

Z

Y

ω=ω01

P(1)

0

1

F. Mallet et al., Nature Phys. (2009)1 Qubits

slide: courtesy
of P. Bertet
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Single-qubit manipulation Single-qubit gates

Single qubit gates: Xφ-gate qubi  gat

Φ

TRANSMON QUBIT

φ0φ0+φ

Rotation : Xφ

|0>

|1>

X

Z

Y φ
Xφ

X

ω=ω01

1 Qubits

slide: courtesy
of P. Bertet
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Single-qubit manipulation Single-qubit gates

Single qubit gates: Z -gate qubi  gat

Φ+δΦ

TRANSMON QUBIT

φ0φ0+φ

Rotation : Xφ

|0>

|1>

X

Z

Y φ
Xφ

X

Z rotation

ω=ω01

All rotations on Bloch sphere

Fidelity ? >99.9% 

R. Barends et al., Nature (2014)

1 Qubits slide: courtesy of P. Bertet
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Single-qubit manipulation Readout of the qubit state

Readout: coupling a qubit to a waveguide

transmon

Blais 2004

transmon

Bertet 2009

transmon

Devoret 2009

Fig. from Devoret Collège de France

Blais et al., PRA 69, 062320 (2004)

� superconducting layer on insulating
substrate

� microwave resonator Q ∼ 106,
ωc ∼ 10 GHz

� reflected / transmitted wave dephased
depending on the qubit state
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Single-qubit manipulation Readout of the qubit state

Interlude: Capacitive coupling
Writing the Hamiltonian of two capacitively coupled resonators
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Single-qubit manipulation Readout of the qubit state

Interlude: Capacitive coupling
Hamiltonian of two capacitively coupled qubits
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Single-qubit manipulation Readout of the qubit state

Interlude: Capacitive coupling
Hamiltonian of a qubit capacitively coupled to a resonator
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Single-qubit manipulation Readout of the qubit state

Equivalent circuit

V̂g (cavity field)( )
Cg

n̂θ̂
Vext

cω
Lc , Cc

photon operators c , c†

δV0 =
�

�ωc/2Cc ,
CcδV0 =

�
�ωcCc/2

� V̂g = δV0(ĉ + ĉ†)
� Q̂c = CcδV0(ĉ + ĉ†)

� qubit Q̂q = 2eN̂q with N̂ = iΔN(â† − â) and 2eΔN =
�

�ω0Cq/2

� Cg

CcCq
Q̂cQ̂q = i�Cg

2

�
ωcω0
CcCq

(a† − a)(c + c†) = i�g(a† − a)(c + c†)

With additional drive Vext:

Ĥ = −EJ cos ϕ̂ + EC (N̂ − Next)
2 + �ωcc

†c + i�g(a† − a)(c + c†)

Ĥ = Ĥqubit + Ĥfield + Ĥint
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Single-qubit manipulation Readout of the qubit state

Jaynes-Cumming hamiltonian

Within RWA, (â† − â)(ĉ + ĉ†) −→ â†ĉ − âĉ†

Ĥ = Ĥqubit + Ĥfield + Ĥint

where Hint = i�g(â†ĉ − âĉ†)

and g =
1

2

Cg√
CCc

√
ωcω0

Ĥ =
�ω0

2
σz + �ωcc

†c + i�g(σ+ĉ − σ−ĉ†)

Hamiltonian couples |0, nc� to |1, nc − 1� with amplitude g
√

nc .
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Single-qubit manipulation Readout of the qubit state

Dressed states
At given detuning Δ = ωc − ω0:
eigenfrequencies nωc ± Ω

2

Ω =
�

4ng2 + Δ2

eigenstates |±, n�
|+, n� = i cos θ

2 |1n−1� + sin θ
2 |0n�

cos θ = −Δ/Ω, sin θ = 2g
√

n/Ω

magnetic flux Φ/Φ0

On resonance: 2g
√

n splitting
|+, n� = (|0, n� + i |1, n − 1�)/

√
2

|−, n� = (|0, n� − i |1, n − 1�)/
√

2
→ CQED experiments

Far from resonance: (Δ < 0)
|+, n� � |1, n − 1�
|−, n� � |0, n�
Frequency shift ±g2/Δ
used to detect the qubit state

Blais

2004

Blais

2004
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Single-qubit manipulation Readout of the qubit state

Example of realization and results
Heterodyne detection with a beatnote

40µm

5 mm

80µm

Q=700

(f0=6.5GHz)

2µm

45g MHz= (optical+e-beam
lithography)

Bertet et al.
Walraff et al.

Kurpiers, Saléthé,

Walraff et al.

single-shot measurements averaged measurements (8 × 104)

|1⟩

|0⟩|0⟩

|1⟩
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Two-qubit gates Cavity-mediated coupling

Coupling two qubits through a waveguide

Blais et al., PRA 75, 032329 (2007)

Δ

|11�|n − 1�

|10�|n�
|01�|n�

|00�|n + 1�
√

n + 1g1

√
ng1

√
n + 1g2

√
ng2

General idea:

� insert two qubits in the resonator

� coupling between qubits mediated by
field

� Two qubits with frequency ω0

� Cavity detuned by Δ = ωc − ω0

� Effective coupling �geff(a†
1a2 + a†

2a1)

geff =
(n + 1)g1g2

Δ
+

ng1g2

−Δ
=

g1g2

Δ

� Coupling turned off when qubits are
detuned
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Two-qubit gates Cavity-mediated coupling

Coupling two qubits through a waveguide: Results
Spectroscopy of cavity + 2 qubits

[DiCarlo et al. Nature 460, 240 (2009)]
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Two-qubit gates Cavity-mediated coupling

Coupling two qubits through a waveguide: Results
An essential two-qubit gate:

√
iSWAP

5.13 GHz

5.32GHz

 6.82 GHz
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f
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Bertet et al.
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Two-qubit gates Capacitive coupling

Capacitive coupling between two qubits

Charles Neill, PhD thesis UCSB (2017)

9 coupled qubits

� direct capacitive coupling
between two qubits:

Hint = Q̂1Q̂2
Ceff

= �g(a†
1a2 + a†

2a1)

� g =
Cqq√
C1C2

√
ω1ω2

2

� with an intermediate qubit as
coupler:
second order tunable coupling
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Two-qubit gates Capacitive coupling

Tunable capacitive coupling
Google’s Sycamore processor

typical qubit architecture:

microwave excitation

readout tuning

Google/Martinis (2019)

scheme for tunable g

[J. Martini’s talk at Caltech, Nov. 2019]
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Two-qubit gates Capacitive coupling

Tunable capacitive coupling
Google’s Sycamore processor

typical qubit architecture:

microwave excitation

readout tuning

Google/Martinis (2019)

tunable g ∈ [5,−40] MHz

b

c
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0
C

o
u
p
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g
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|/
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π
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M
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Time
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X

Typical errors:

� 1-qubit gate ∼0.2%

� 2-qubit gate ∼0.2–0.9%

� readout ∼ 2-5%
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Example of algorithm

Algorithms implemented with SC qubits
CEA group / Yale / Walraff ETH group, IBM, Google...

� Spin flip error detection up to 5 qubits [Kelly et al. Nature 519, 66–69

(2015)

� Deutsch-Jozsa with 2 qubits [DiCarlo et al. Nature 460, 240 (2009)]

� Grover’s search with 2 qubits [DiCarlo et al. Nature 460, 240 (2009)]

� Shor: 15 = 3 × 5 with 48% success [Lucero et al. Nature Physics 8, 719

(2012)]

� Variational quantum energy solver (VQE) applied to the ground state
of H2, LiH and BeH2 (up to 6 qubits) [O’Malley et al., PRX 6, 031007

(2016); Kandala et al. Nature 549, 242 (2017); Colless et al., PRX 8,

011021 (2018)]

� Quantum supremacy paper: qubit characterization of 53 qubits [Arute

et al., Nature 574, 505 (2019)]; N.B. John Martinis has now left Google.

� Single-particle band-structure of a one-dimensional wire, Google

Quantum AI, https://arxiv.org/abs/2012.00921
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Example of algorithm

Progress in qubit lifetime

lifetime (μs)
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Fig. from M. Kjaergaard et al.
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Example of algorithm

Current performances

Gate Layout Highest fidelity [Year] Gate time

99.4% [Barends 2014] 40 ns
CZ (ad.) T–T

99.5% [Kjaergaard 2019] 60 ns√
iSWAP T–T 90% [Dewes 2014] 31 ns

CR F–F 99.1% [Sheldon 2016] 160 ns√
bSWAP F–F 86% ibid. 800 ns

CZ (ad.) T–(T)–T 99.0% ibid. 30 ns
RIP 3D F 98.5% ibid. 413 ns√

iSWAP F–(T)–F 98.2% ibid. 183 ns
CZ (ad.) T–F 99.2% [Hong 2019] 176 ns

Adapted from M. Kjaergaard et al.
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Example of algorithm
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